Based on a geometric discretization scheme for Maxwell equations, we unveil a mathematical transformation between the electric field intensity E and the magnetic field intensity H , denoted as Galerkin duality. Using Galerkin duality and discrete Hodge operators, we construct two system matrices, [X E ] (primal formulation) and [X H ] (dual formulation) respectively, that discretize the second-order vector wave equations. We show that the primal formulation recovers the conventional (edgeelement) finite element method (FEM) and suggests a geometric foundation for it. On the other hand, the dual formulation suggests a new (dual) type of FEM. Although both formulations give identical dynamical physical solutions, the dimensions of the null spaces are different.
Introduction
The finite element method (FEM), originally developed for structure design and analysis, is usually based on nodal elements [1] . Simply applying nodal elements to Maxwell equations causes problems such as spurious modes [2] . The use of edge elements is the only reasonable way [3] to remove the spurious modes because the electric field intensity E is a differential 1-form with degrees of freedom (DoFs) associated with the edges of a lattice. 1 The basic strategy of traditional FEM (Galerkin's method) is to seek the solution by weighting the residual of the second-order wave equations. Here, we adopt a different route. Based on a general discretization scheme for Maxwell equations on irregular lattices, we construct two system matrices in terms of the electric field intensity E (denoted as primal formulation) and the magnetic field intensity H (denoted as dual formulation), respectively. The primal formulation recovers the FEM based on edge elements, and suggests a geometric foundation for it. On the other hand, the dual formulation suggests a new (dual) type of FEM. Although both formulations give identical physical solutions, the dimensions of the null spaces are different. The connection between the primal formulation and dual formulation is established via a transformation denoted here as Galerkin duality (not to be confused with conventional electromagnetic duality [5, 6] ).
Discrete Maxwell equations
Maxwell equations in source-free, three-dimensional (3D) space (in the Fourier domain) are written in terms of differential forms [7, 8] as
where E and H are electric and magnetic field intensity 1-forms, D and B are electric and magnetic flux 2-forms, and d is the (metric-free) exterior derivative operator. We use the convention e −iωt throughout this Letter. Constitutive equations, which include all metric information, are written in terms of Hodge (star) operators (that fix an isomorphism between p-forms and (3 − p)-forms)
By applying basic tools of algebraic topology and a discrete analog of differential forms, discrete electromagnetic theory can be constructed from first principles on a general (irregular) primal/dual lattice (oriented cell-complex) [7] . The discrete Maxwell equations read as [9] (3)
where E, B, H, D are arrays of DoFs and
are incidence matrices that encode the discrete exterior derivatives (discrete counterparts to the curl and divergence operators, distilled from their metric structure) on the primal and dual lattice, respectively. Due to the absence of metric structure, entries of the incidence matrices assume only {−1, 0, 1} values [7] .
The discrete Hodge operators can be, in general, written as follows
One approach to construct the Hodge matrices [ ] and [ µ −1 ] will be discussed in next section. The Hodge matrices should be positive definite because Hodge operators are positive definite (in a Riemannian manifold).
Discrete Hodge operators
Let Ω be a n-dimensional differentiable manifold and F p (Ω) the space of forms of p-degree defined on it. If Ω is endowed with a metric, then the Hodge operator : η → ξ = η [10, 11] is defined as a map of η ∈ F p (Ω) to ξ ∈ F n−p (Ω) such that for any ψ ∈ F p (Ω)
The Hodge operator defines (through a metric) an infinite-dimensional inner product, denoted as (ψ, η)
For some form ψ we can also define the Hodge square of ψ by
which is positive when the metric is positive definite. By applying (7) to electric field and magnetic field, one can obtain constitutive relations in terms of Hodge operators in 3D Euclidean space R 3 as
Whitney forms [12] are the basic interpolants for discrete differential forms of various degrees defined over tetrahedral. Whitney forms can be expressed in term of the barycentric coordinates associated with each tetrahedron nodes (ζ i , ζ j , ζ k , ζ r ) as [13, 14] 
(see the appendix for the basis functions over cubes). Accordingly, we use Whitney 1-forms as the interpolants for electric field intensity 1-form E, and Whitney 2-forms as interpolants for the magnetic flux 2-form B
Note that the above expansions guarantee tangential continuity of E and normal continuity of B simultaneously.
Using these basis functions and the Euclidean metric, matrix representations for the Hodge operators and µ −1 can be constructed by combining Eqs. (8), (9), (14) [
In the above, matrix entry [ ] {(i,j ),(ĩ,j)} comes from edge (i, j ) and edge (ĩ,j), and matrix entry
comes from face (i, j, k) and face (ĩ,j,k). These matrices denoted as Galerkin's discrete Hodges [15, 16] , or simply Galerkin's Hodges.
Primal and dual discrete wave equations

Discrete wave equations
From Eqs. (3), (4) and (15), two discrete, second-order vector wave equations can be obtained
corresponding to a primal and dual formulation, respectively. These are the discrete analogs of the curl equations
Moreover, the Hodge matrix [ ] is identical to the conventional mass matrix. Hence, the primal formulation recovers the conventional edge-element FEM and suggests a geometric foundation for it. For the dual formulation, we can introduce dual stiffness
This dual formulation has no direct counterpart in traditional FEM. As discussed next, these two formulations lead to the same dynamic solutions, but have very different mathematical properties. 
Galerkin duality
Galerkin duality is a mathematical transformation between the above primal and dual formulations. Note that Galerkin duality is distinct from usual electromagnetic duality [5, 6] , as illustrated in Table 1 . Table 1 Galerkin duality vs. electromagnetic duality
Electromagnetic duality
Based on Galerkin duality and the discrete Hodge operators introduced before, we can construct two different system matrices for a given problem
encode all discrete dynamic information, and hence produce identical dynamic solutions. However, their null spaces (associated with zero modes) are very different. In other words, for a discretization of the same physical system, the dimensions of the (discrete) zero eigenspaces are different under Galerkin duality. This can be explained by algebraic properties of discrete Hodge decomposition, and verified by numerical simulations, as discussed in Section 5.
An approach to handle Neumann boundary condition
Since Dirichlet boundary condition and Neumann boundary condition are Galerkin dual to each other for some underlying differential equations, we propose an approach to handle Neumann boundary condition. Consider a differential equation
where Θ is a differential operator and φ is the unknown physical quantity, with Neumann boundary condition. By Galerkin duality, this problem is equivalent to solving
with Dirichlet boundary condition. Here Θ † is the Galerkin dual to Θ, and φ † is the Galerkin dual to φ. Note that by using Galerkin duality, we can transform Eq. (25) into Eq. (26), since it may be much easier to handle Dirichlet boundary conditions than Neumann boundary conditions in some problems. The function φ † can be expanded in terms of basis functions W † i (e.g., Whitney forms) as
Examples
To demonstrate the Galerkin duality, we provide some numerical simulations for 2D cavity problems in the (x, y) plane. Both TE and TM cases are simulated. The finite element meshes for these examples were generated by using Triangle, a freely available 2D mesh generator [17] . The angular frequencies of the resonant modes are obtained by solving the eigenvalue Eq. (16) (primal formulation) or the eigenvalue Eq. (17) (dual formulation). For simplicity, we set = µ = 1.
Whitney forms in 2D
The vector proxies of Whitney forms in 2D can be written in term of barycentric coordinates (ζ i , ζ j , ζ k ) as
In the above, W 0 i and W 2 i,j,k are scalars and W 1 i,j is a vector.
TE case
For the TE case, we use W 1 i,j as the interpolants for the electric field intensity E and W 2 i,j,k as the interpolants for the magnetic flux B z
TM case
The comparison between TE and TM case is illustrated in Table 2 . Tables 3 and 4 Table 3 (2D TE modes), we find that the number of zero modes of primal formulation is equal to the number of internal nodes, while the number of zero Table 5 Numerical results of number of modes of TE and TM modes of dual formulation is 1. On the other hand, from Table 4 (2D TM modes), we find that the number of zero modes of primal formulation is 0, while the number of zero modes of dual formulation is N F − 1. From the last rows of Tables 3 and 4 , we conclude that both formulations give the same number of nonzero modes. These numerical facts, summarized in Table 5 , will be explained by applying a discrete Hodge decomposition in next subsection.
Circular cavity
Primal formulation Dual formulation # zero modes (TE)
N in V 1 # zero modes (TM) 0 N F − 1 # nonzero modes (TE) N in E − N in V N F − 1 # nonzero modes (TM) N in V N in E − (N F − 1)
Discrete Hodge decomposition
In a contractible domain Ω, the Hodge decomposition for a p-form F p (Ω) can be written as [18] (35)
where δ is the codifferential operator (Hilbert adjoint of d). An arbitrary contractible 2D domain Ω can be discretized by a general grid made up of a network of polygons. We will briefly discuss next the connection between the discrete Hodge decomposition above and the Euler's formula for a network of polygons (for a more details, see Ref.
[9]).
2D TE case
For 2D TE case, applying (35) to the electric field intensity E (1-form), we obtain (36)
where φ 0 is a 0-form and A 2 is a 2-form. In Eq. (36) dφ 0 represents the static field and δA 2 represents the dynamic field. We can trace the following correspondence between Euler's formula for a network of polygons and the Hodge decomposition [9] (37)
where N in V is the number of internal vertices, N in E the number of internal edges and N F the number of faces of a mesh.
2D TM case
For 2D TM case, applying (35) to the electric field intensity E (0-form), we obtain
where A 1 is a 1-form. We can trace the following correspondence between Euler's formula for a network of polygons and the Hodge decomposition (39)
Zero modes and nonzero modes
Eq. (37) or Eq. (39) can be summarized as
For TE case, we identify
and for TM case, we identify These results are summarized in Table 6 . Table 6 exactly matches Table 5 from numerical results. The DoFs of system matrices [X E ] and [X H ] equal the total number of modes of primal formulation and dual formulation, respectively. Furthermore, the DoFs in the null Table 6 Null spaces and range spaces of ] equal the number of nonzero (dynamic) modes of primal formulation and dual formulation, respectively. Note that in the case of 2D TE modes (the electric field intensity E is a 1-form interpolated by edge elements), it is a well-known fact that the dimension of the null space (# zero modes) of [X E ] is equal to the number of internal nodes [9, 19, 20] . From Eq. (40) (Euler's formula for a network of polygons) it can be concluded that the dimension of range space of [X E ] equals the dimension of range space of [X H ], as a fundamental property of discrete Maxwell equations [9] .
Polygonal cavity
A 2D cavity of arbitrary shape can be approximated by a polygon as the boundary [9] . Tables 7 and 8 present the results for TE modes and TM modes of a polygonal cavity (Fig. 2) . These results corroborate the conclusions summarized by Tables 5 and 6 . Moreover, both systems matrices [X E ] and [X H ] are finite approximation of the corresponding infinite system. If we use same mesh and same basis functions, that is, same basic matrices
and [ ], the dynamic physical structure encoded by system matrices [X E ] and [X H ] will be identical. Furthermore, if we use same linear solver, the solutions of both formulations will give identical nonzero modes (dynamic solutions) up to round off errors (see Tables 7 and 8) . 
Concluding remarks
Based on Galerkin duality and discrete Hodge operators, we construct two system matrices, [X E ] (primal formulation) and [X H ] (dual formulation) that discretize the wave equations. It can be shown that the primal formulation recovers conventional (edge-element) FEM and suggests a geometric foundation for it. On the other hand, the dual formulation suggests a new (dual) type of FEM. Although both formulations give identical physical solutions, the null spaces are different. The Hodge decomposition of the DoFs can be associated with Euler's formula for a network of polygons in 2D or polyhedral in 3D.
Appendix A. Stiffness matrix: geometric viewpoint
Using 3D tetrahedral and cubic elements, respectively, and assuming that the permeability µ is constant within each element, we will show that stiffness matrix [S] equals the multiplication of incidences and Hodge matrices (A.1)
A.1. Tetrahedral elements
From the DoFs for the tetrahedral element (Fig. 3 In the above, the superscript t stands for transposition. Using the vector calculus proxies of 3D Whitney 2-form, the Hodge matrix
, which is a 6 × 6 matrix. The entry of stiffness matrix [S] can be computed as
By comparing each term of matrix (A.7) with the corresponding term of matrix (A.8), such as
we obtain (A.12)
A.2. Cubic elements
Consider a cubic element given in Fig. 4 , whose side length is L and whose center is at (x c , y c ) 
The edge elements N 1 i,j for a cubic element can be written as [21]
The corresponding face elements N 2 i,j,k,l can be constructed as 
